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A new model for space and matter is obtained by joining every pair of point charges in the
observable universe by an ethereal string. Positive gravitational potential energy in each string gives
an attractive gravitational force due to the action of an energy conservation constraint. Newton’s
laws of motion are derived and inertia is explained in accordance with Mach’s principle. The
Machian string model gives a surprisingly simple way to understand the expansion history of the
Universe. The decelerating expansion in the radiation era and the matter era is explained without
using General Relativity and the transition from deceleration to acceleration is explained without
the need to introduce a separate ‘dark energy’ component. The interaction between Machian strings
gives a physical model for modified Newtonian dynamics (MOND) and is therefore an alternative
to ‘dark matter’.
“ I consider it entirely possible that physics cannot be based upon the field concept, that is on continuous
structures. Then nothing will remain of my whole castle in the air, including the theory of gravitation, but
also nothing of the rest of contemporary physics.” (Albert Einstein)
PACS numbers:
I. MOTIVATION
The purpose of the present paper is to suggest a new
model for the structure of elementary particles and a new
model for space and to offer a new approach to the prob-
lems of ‘dark matter’ and ‘dark energy’.
One of the basic properties of elementary particles is
that they have spin one-half. Quantum mechanically, a
spin one-half particle ends up in a different state when ro-
tated through an angle of 2pi and only returns to its orig-
inal state when rotated through an angle of 4pi. There is
no analogue of such behaviour for a classical point par-
ticle but a mechanical model for spin one-half can be
constructed when the particle is connected to its sur-
roundings, for example by someone holding onto it or
by strings connecting it to a rigid external frame [1, 2].
Suppose that the strings are initially not entangled. A
rotation of the particle through an angle of 4pi results in
a configuration that is equivalent to the initial configu-
ration, in the sense that the strings can be disentangled,
but a rotation through an angle of 2pi results in a config-
uration that is not equivalent to the initial configuration.
In searching for a new model for space it is natural to
reconsider Mach’s principle, which was never fully incor-
porated into General Relativity [3–5]. Instead of defining
inertial frames in terms of a local absolute space, Mach
argued that the inertial forces experienced by an acceler-
ated particle are due to some sort of interaction with the
distant matter in the Universe. Perhaps a physical model
for space can be constructed by defining space itself in
terms of distant matter [6].
In the model of Machian space quanta, the mechanical
model for spin one-half and Mach’s principle are incorpo-
rated by postulating that an elementary particle consists
of a set of ethereal strings connecting a charged centre
to the centre of every other elementary particle in the
observable universe. The set of strings associated with a
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given elementary particle can be imagined as a quantum
of space with the size of the observable universe and will
be referred to as a Machian space quantum. The strings
contain energy, and hence mass, but are not charged. The
strings associated with the space quanta of two nearby
particles of mass m1 and m2 are illustrated in Figure 1.
The strings connecting two such masses will be referred
to as direct strings and strings connected to distant mat-
ter will be referred to as Machian strings.
FIG. 1: Schematic diagram of the direct strings and the
Machian strings in the Machian space quanta of two masses
m1 and m2. The direct strings join the centres of the space
quanta associated with the two masses and the Machian
strings connect the centres with the centres of all the other
space quanta in the observable universe.
The idea that an elementary particle could have the
size of the observable universe appears, at first sight, to
be completely contrary to experience. Indeed, high en-
ergy scattering experiments have failed to find any spatial
extent at all in the charge distribution of either quarks or
electrons. However, experiments cannot probe an entire
space quantum because the only part of a space quantum
that can interact directly with another space quantum
is the centre. The only conclusion that may therefore
be drawn from scattering experiments is that the charge
distribution at the centre of a space quantum is pointlike.
The gravitational interaction between the two masses
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2m1 and m2 illustrated in Figure 1 is defined by speci-
fying the total energy, Gm1m2/r, in the direct strings
joining them, where r is the distance between the centres
of the two masses. To a first approximation, the gravita-
tional masses m1 and m2 are simply the total masses in
the associated space quanta and it makes no difference
at all whether all the mass of a space quantum is at the
centre or whether the mass is distributed throughout the
strings. For the further development of the theory, how-
ever, the fact that the mass is distributed throughout the
strings is very significant. The fundamental variables in
the problem are the strings themselves, rather than posi-
tions and velocities of the particle centres. The energies
in the strings may be calculated explicitly, including the
dependence on the velocities of the particles, and it is
then possible to derive the properties of particle inertia
and kinetic energy from first principles instead of putting
them in by hand. When the contribution to the energies
of the strings from the expansion of the Universe is taken
into account, the string model is found to give an accel-
erating expansion of the Universe without the need to
introduce any mysterious ‘dark energy’.
It might be thought, at first sight, that Machian strings
give a very simple solution to the problem of ‘dark mat-
ter’. It is well known that flat galaxy rotation curves can
be accounted for by assuming that galaxies lie within
a dark matter halo whose density at a distance r from
the centre of the galaxy is proportional to 1/r2 [7]. For
strings with uniform mass per unit length, the mass in
the strings enclosed within a spherical shell of thickness
dr at any radius is proportional to dr and it follows that
the density in the strings is proportional to 1/r2, which
appears to be exactly what is required. This observa-
tion was, in fact, the original motivation for the Machian
string model. Unfortunately the idea doesn’t work be-
cause the only gravitational interaction between space
quanta is the interaction due to the energies in their
common direct strings. Unlike a conventional mass dis-
tribution, the mass elements within a Machian string are
invisible to other space quanta and do not, therefore, act
as additional point sources for the gravitational field. In
any case, such a model would give an additional gravi-
tational acceleration proportional to M/r, whereas the
additional acceleration required to account for galaxy ro-
tation curves is proportional to
√
M/r. A different model
for ‘dark matter’, based on a contact interaction between
the strings of different space quanta, is introduced in Sec-
tion V.
Whereas the quantisation of matter is automatically
present at the classical level a photon is, by definition, a
quantum mechanical object. The strange quantum me-
chanical behaviour of the photon was described by Ed-
dington in 1928 as follows.
The pursuit of the quantum leads to many sur-
prises; but probably none is more outrageous to
our preconceptions than the regathering of light
and other radiant energy into h-units, when all
the classical pictures show it to be dispersing
more and more. Consider the light waves which
are emitted as a result of a single emission on the
star Sirius. These bear away a certain amount
of energy endowed with a certain period, and the
product is h. The period is carried by the waves
without change, but the energy spreads out in
an ever-widening circle. Eight years and nine
months after the emission the wave-front is due to
reach the earth. A few minutes before the arrival
some person takes it into his head to go out and
admire the glories of the heavens and - in short
- to stick his eye in the way. The light waves
when they started out could have had no notion
of what they were going to hit; for all they knew
they would be bound on a journey through end-
less space, as most of their colleagues were. Their
energy would seem to be dissipated beyond recov-
ery over a sphere of 50 billion miles’ radius. And
yet if that energy is ever to enter matter again, if
it is to work those chemical changes in the retina
which give rise to the sensation of light, it must
enter as a single quantum of action h [8].
How can a photon possibly manage to keep itself all to-
gether as a single tiny quantum when it is so incredibly
spread out across the Universe ? The answer, perhaps, is
that a photon is also a Machian space quantum. A pho-
ton space quantum still has a centre, defined as the point
of intersection of all the photon strings, but the centre
has no mass and no charge.
Machian space quanta may also help to understand
the invariance of the speed of light. Special Relativity
is based on the postulate that the speed of a light wave,
c, is independent of the motion of the light source rel-
ative to the observer. Is there any way to understand
the invariance of c with some sort of physical model or
must the postulate simply be accepted ? In the old ether
model, the speed of light was assumed to be equal to c
in the rest frame of an ‘ether’ that pervades all space.
The invariance of the speed of light waves with respect
to motion of the source is then obvious, just as the speed
of sound waves in air and water waves in water are also
independent of the motion of the source. However, the
invariance of c with respect to motion of the observer
was much harder to explain and led to the conclusion
that motion through the ether somehow causes the time
dilation of clocks and the length contraction of metre
sticks. The Machian string model offers an alternative
point of view because the strings of the observer space
quantum define an ether that is always at rest relative
to the observer. Suppose the speed c is a characteristic
of the interaction between a photon space quantum and
the space quantum of an observer. The invariance of c
with respect to motion of the observer then follows auto-
matically because, when the observer starts moving, the
space quantum of the observer moves with it.
Although the centre of a space quantum can be any-
where in the continuous three-dimensional coordinate
space, physical space is defined as the space occupied by
the strings and is therefore quantised. The space quan-
tum of an elementary particle is an extended object and
Quantum Mechanics also requires that every elementary
particle is associated with an extended object, namely
the wavefunction. Perhaps Schrodinger’s 3N-dimensional
configuration space should not be regarded as an abstract
mathematical space but should instead be identified with
the physical space defined by the superposition of N space
quanta.
3The inertial mass constraint (IMC) for space quanta
is introduced in Section II and, in Section III, the IMC
is used to give a physical model for Newtonian gravity.
When relativistic effects are included and the experimen-
tal constraints are applied, the equations of motion are
found to be the same as in General Relativity. Inertia
and kinetic energy are explained in terms of the energies
in the Machian strings and a Machian formula is given
for G, the constant of gravitation. Possible solutions to
the dark energy and dark matter problems are given in
Sections IV and V, respectively.
II. THE INERTIAL MASS CONSTRAINT (IMC)
Inertial mass is defined as the total energy in the space
quantum of a massive particle in its instantaneous rest
frame and the inertial mass constraint (IMC) states that
the inertial mass of every massive particle is constant.
The IMC allows an attractive gravitational force to be
obtained with positive potential energies in the strings,
as explained in Section III. The IMC is also used in Sec-
tion IV on ‘dark energy’ and Section V on ‘dark matter’.
III. A MACHIAN MODEL FOR GRAVITY
The equations of motion for a Machian model of grav-
ity are derived in the Appendix. The model is a direct
interaction theory, as opposed to a field theory, and is
defined by the energies in the strings connecting all pairs
of particles in the observable universe. The energy in the
strings has the form of positive Newtonian gravitational
potential energy, with additional terms depending on the
velocities of the particles.
A. Inertia and Newton’s laws of motion
According to Newton’s laws of motion, a free particle
in an ‘inertial frame’ moves with uniform velocity and a
force ma is required to give a mass m an acceleration a.
In General Relativity, acceleration is defined relative to
the local ‘spacetime’ around the particle and it has been
suggested that an interaction with the quantum vacuum
is responsible for the existence of inertial forces [9, 10].
In the Machian string model, the energy of a particle
is not concentrated at a point but is instead distributed
throughout the Machian strings. Inertial frames are iden-
tified with frames moving at uniform velocity relative
to distant matter, in accordance with Mach’s principle.
Appendix B shows that the kinetic energy of a parti-
cle is part of the gravitational interaction energy in the
Machian strings. Appendix D shows that distant matter
exerts a force −ma on a particle that has acceleration a
relative to distant matter, so that an external force ma
is needed to maintain the acceleration.
B. Newtonian gravity and the constant of
gravitation
In the Machian string model, Newton’s point masses
and negative gravitational potential energies are both re-
placed by positive gravitational potential energy in the
strings. In the simplest model of Machian space quanta,
the direct strings in Figure 1 joining the centres of the
two masses m1 and m2, a distance r apart, have en-
ergy +Gm1m2/r, where G is the constant of gravitation.
Due to the action of the IMC, the total energy at the
centre and in the Machian strings connected to m1 is
m1c
2−Gm1m2/r, and similarly for m2. The total energy
in the centres and all the strings of m1 and m2 is there-
fore m1c
2 +m2c
2 −Gm1m2/r, so the interaction energy
is the same as in Newtonian gravity. The idea that the
gravitational mass energy is positive, with a compensat-
ing reduction in the energy of each mass, was suggested
many years ago [11, 12].
There is a well-known Machian relation for G [5],
namely
G ∼ c2
(MU
RU
)−1
, (1)
where MU and RU are the mass and radius of the ob-
servable universe, respectively. In the string model, the
relation (1) follows directly from the fact that the iner-
tial mass, mc2, is the same order of magnitude as the
total gravitational potential energy in the strings. Since
the average length of a string is of order RU , the total
gravitational potential energy in the strings connecting a
mass m to distant matter of total mass MU is of order
GmMU/RU so mc
2 ∼ GmMU/RU .
C. Inertial and gravitational mass
The inertial mass in the space quantum of the ith par-
ticle, mi, is defined as the mass at the centre of the space
quantum plus the mass in all the strings connected to it.
The gravitational mass of the ith particle, m˜i, is defined
as the mass at the centre plus the mass in the (very large)
subset of strings connected to distant matter only. When
all the space quanta are superposed, each pair of space
quanta has two strings connecting their centres. The to-
tal energy in the two strings is Gm˜im˜j/rij so the energy
in each of the two strings is Gm˜im˜j/2rij . Since the differ-
ence between inertial mass and gravitational mass is due
to the mass in the strings connected to nearby matter,
it follows that inertial and gravitational mass are related
by the equation
mic
2 = m˜ic
2 +
∑
j∈Sn,j 6=i
Gm˜im˜j
2rij
, (2)
where Sn denotes the set of nearby particles in the system
under consideration.
4D. Experimental constraints
1. The two body and three body problems
Relativistic corrections for the motion of two gravitat-
ing masses and the acceleration of the Earth and Moon
towards the Sun in the three-body Earth-Moon-Sun sys-
tem are calculated in Appendix E. After applying the
experimental constraints, the equations of motion are
found to be the same as in General Relativity. In the
corresponding Machian string model, approximately 8%
of the mass of a space quantum is in the Machian strings
and the remaining 92% of the mass is at the centre. The
effect of a gravitational field on the precession of a gyro-
scope is considered in Appendix F and the usual results
for the rates of geodetic and gravitomagnetic precession
are recovered.
2. Gravitational redshift and the propagation of light
Gravitational redshift and the propagation of light in a
gravitational field are discussed in Appendix G. Photons
propagate with constant energy in a gravitational field
because a massive particle propagates with constant en-
ergy and a photon may be thought of as a massive par-
ticle with vanishingly small rest mass. From the relation
E = hf , it follows that the frequency of a photon prop-
agating in a gravitational field is constant. To explain
the gravitational redshift, consider an atom of mass m
at rest at a distance r from a mass M . The energy in
the strings joining the two masses is GMm/r and the
IMC implies that the energy at the centre of the atom is
mc2 −GMm/r, so the atomic energy levels are reduced
by a factor of 1 − GM/rc2. The frequency of a photon
corresponding to a given atomic transition is therefore
lower when the photon is emitted in a gravitational field.
The frequency remains unchanged as the photon propa-
gates out of the gravitational field, so the photon emerges
with a lower frequency and therefore appears to be red-
shifted. Appendix G also shows that the speed of light is
reduced in a gravitational field and Fermat’s principle is
used to calculate the deflection of a light beam and the
time delay of radar signals.
3. Gravitational radiation
The calculations in Appendix I show that the Machian
strings around a massive body are deformed by the pres-
ence of a nearby mass. When two masses orbit one an-
other, the deformation in the strings varies periodically
in time and waves in the Machian strings are expected. A
formula for the rate at which energy is radiated is derived
in Appendix J for the case of circular orbits. Comparison
with the experimentally verified formula for the rate of
emission of gravitational radiation in General Relativity
suggests that gravitational radiation may be attributed
to the generation of gravitational waves in the strings.
IV. THE EXPANSION OF THE UNIVERSE
AND ‘DARK ENERGY’
At first sight, the Machian relation (1) implies that G
is a function of time since MU and RU vary with time as
the Universe expands. It is shown in Appendix H, how-
ever, that the relation (1) is not only consistent with the
expansion history of the Universe but it can, in fact, be
used to calculate the expansion history of the Universe.
On cosmological time scales, the expansion of the Uni-
verse has a significant effect on the number of Machian
strings in the Universe and on the energy in each string.
In all space quanta, the number of Machian strings in-
creases with time because the number of particles in the
observable universe increases as the Universe expands. In
addition, the mass associated with the potential energy in
each string has a kinetic energy associated with its reces-
sional velocity. In the early universe, it turns out that the
kinetic energy of the potential energy is small compared
with the potential energy so, as the Universe expands, the
total energy in every Machian string decreases. The IMC
requires the effects of the increasing number of strings
and the decreasing energy of each string to balance and
the result is that the expansion of the Universe deceler-
ates. The expansion rates in the radiation era and the
matter era are the same as in the conventional ΛCDM
model.
FIG. 2: Scale factor, R(t), in the string model (red) and in
the ΛCDM model (green) as a function of the time, t. In both
models, the present time is at R = 1. The two scale factors
are almost indistinguishable experimentally, as discussed in
Appendix H.
In the later universe, the kinetic energy in each string
becomes larger than the potential energy and the IMC
then requires an accelerating expansion to keep the total
kinetic energy in the space quantum of a massive parti-
cle constant. The time evolution of the scale factor in
the string model calculated in Appendix H is shown in
Figure 2 and compared to the time evolution in the con-
ventional ΛCDM model.
5V. GALAXY ROTATION CURVES AND ‘DARK
MATTER’
It is known that Newton’s law of gravity, when ap-
plied to the observed mass distribution, does not give
the correct dynamics on the scale of galaxies and galaxy
clusters. Either there is a very large amount of still un-
seen dark matter or Newton’s law is incorrect. In mod-
ified Newtonian dynamics (MOND) [13], the Newtonian
1/r2 force law is replaced by a 1/r force law when the
Newtonian acceleration is less than a characteristic ac-
celeration, a0. It has been shown [14] that MOND gives
a very good fit to the observed galaxy rotation curves for
a0 ≈ 1.2× 10−10m/s2.
In the Machian string model, an acceleration scale of
order a0 is a natural consequence of a contact interaction
between Machian strings. Consider a test mass in the
vicinity of a larger mass M . In addition to the Machian
strings of M , the test mass is immersed within the back-
ground space defined by the Machian strings joining all
the pairs of particles in the Universe. It is therefore rea-
sonable to suppose that the effect of the Machian strings
of M on the Machian strings of the test mass depends
on the ratio of the density of the Machian strings of M
to the density of background strings. In Appendix I, it
is shown that the ratio of densities is equivalent to the
ratio of the Newtonian gravitational acceleration to a0.
Physically, the additional acceleration is due to the
forces exerted on the centre of the test mass by the
Machian strings connected to it. Due to the action of
the IMC, the force between every pair of space quanta is
attractive so the strings are in tension. In the absence of
the mass M , the distribution of Machian strings around
the test mass would be spherically symmetrical and all
the tension forces on the centre would cancel out. The
interaction with the Machian strings of M causes the
distribution of Machian strings around the test mass to
become asymmetrical, so the forces exerted on the cen-
tres no longer cancel out and the test mass experiences
an additional acceleration.
To estimate the magnitude of the additional accelera-
tion, consider the total energy in the Machian strings con-
nected to a test mass m. As noted in Section III D, about
8% of the rest mass, 0.08mc2, is in the Machian strings.
Dividing the total energy in the Machian strings by the
average length of a Machian string, RU/2, gives a force
of about 0.16mc2/RU . In the limiting case of maximum
asymmetry, with all the Machian strings pointing in the
same direction at the centre, an additional acceleration
of 0.16c2/RU would be expected. The acceleration a0 is
approximately 0.4 c2/RU , where RU = 3.6×1026 m is the
radius of the observable universe found in Appendix H,
so the maximum additional acceleration is about 0.4a0.
In contrast to MOND, which simply postulates a
change in Newton’s law, the additional acceleration in
the string model is added to the Newtonian acceleration.
Thus, although the additional acceleration is significantly
less than a0, it is still sufficient to explain the MOND phe-
nomenology. A specific model for the interaction between
Machian strings is considered in Appendix I and the max-
imum additional acceleration is found to be about 0.2a0.
A plot of the Newtonian gravitational acceleration and
the additional acceleration calculated in Appendix I is
shown in Figure 3, plotted in units of a0. The total ac-
FIG. 3: The Newtonian acceleration (red curve) and the ad-
ditional acceleration due to the interaction between Machian
strings (green curve) around a point mass M in the Machian
string model for the model considered in Appendix I. The ac-
celeration is plotted in units of the MOND acceleration scale,
a0, and the radial distance r is plotted in units of the radius
Rg, defined as the radius at which the Newtonian gravita-
tional acceleration is equal to a0, so the MOND acceleration
is equal to 1/r2 for r < 1 and 1/r for r > 1.
celeration in the string model is seen to be very close to
the MOND acceleration when the acceleration is much
less than a0, so the string model is expected to give a
good fit to the observed galaxy rotation curves.
VI. SUMMARY
In the Machian string model, direct strings give New-
tonian gravity, Machian strings give inertia and the ex-
pansion of the Universe and dark matter effects are due
to the interaction between Machian strings.
A formula for the gravitational potential energy in the
strings is derived from a relativistic string action in Ap-
pendix A. The usual formula for the Newtonian kinetic
energy of a massive particle can be derived by a suitable
choice of the fraction, κ, of the mass of a space quan-
tum that lies in the strings. It is shown in Appendix B
that the relativistic correction to the kinetic energy and
all the experimental results for the relativistic two-body
problem, the Nordtvedt effect and gyroscope precession
are obtained if the free parameters a1, a2, b1 and b2 are
suitably chosen. The theory gives the standard results for
gravitational redshift, light bending and radar time delay
and the electromagnetic interaction between charged par-
ticles can also be included in the formalism, as explained
in Appendix G. A physical model for the observed rate
of emission of gravitational radiation from binary pulsars
is discussed in Appendix J.
The expansion history of the universe can be calcu-
lated by considering the total energy in all the Machian
strings of a space quantum. The usual results for the
decelerating expansion of the Universe in the radiation
and matter eras are obtained if the mass fraction κ is
assumed to be constant. By including the effect of the
6Hubble flow on the energy of a Machian string, a good fit
to the experimental data is obtained without introducing
‘dark energy’.
The interaction between Machian strings gives effects
usually attributed to ‘dark matter’. The strength of the
interaction depends on the density of space defined by
the Machian strings. Since the ratio of the density of
space around a mass to the background density of space
is equivalent to the ratio of the Newtonian gravitational
acceleration to the acceleration scale a0, the MOND phe-
nomenology is explained.
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Appendix A: Lorentz invariance and the Lagrangian
for a string
Let Xµ(τ, σ) be the spacetime coordinates of a classi-
cal string joining the centres of the ith and jth particles,
where τ is a time-like coordinate and σ ∈ [0, 1] parame-
terises the position along the string [16]. An action for
the string may be written in the form
S =
∫
L dτdσ , (A1)
where the Lagrangian density L is some scalar function of
the four-vectors ∂Xµ/∂τ and ∂Xµ/∂σ. The most general
form of a Lagrangian density with dimensions rn is
L =
[A(s)
c2
(∂Xµ
∂τ
∂Xµ
∂σ
)2
−B(s)
(∂Xµ
∂σ
)2]n/2
, (A2)
where A(s) and B(s) are arbitrary functions of s =
(∂Xµ/∂τ)2/c2. The Nambu-Goto Lagrangian [16], for
example, has A = 1, B = s and n = 1. Let the centre
of mass frame of the string, Scm, be defined as the frame
in which the velocities of the ends of the string are equal
and opposite. If the parameter τ is chosen to be the time
coordinate in Scm then
S =
∫
Lcm dτ , (A3)
where the Lagrangian in Scm is given by
Lcm =
∫
L dσ . (A4)
If x denotes the spatial coordinates in Scm then Xµ =
(cτ,x) and
∂Xµ
∂τ
= (c, x˙) and
∂Xµ
∂σ
= (0,x′) . (A5)
It is desired to find the Lagrangian L in a general
frame, S, in which the velocities of the ith and jth par-
ticles are vi and vj , respectively. In the special case
B(s) = sA(s), the action is invariant under reparameter-
isation of the τ coordinate of the form τ → τ ′(τ, σ) and τ
can then be chosen to be the time coordinate in the gen-
eral frame S as well as in Scm [17]. More generally, the
Lagrangian must first be evaluated in Scm, using (A5),
and a Lorentz transformation must then be applied to
find the Lagrangian in S.
In the Machian string model, the energy in a string of
length r is proportional to 1/r, so n = −1. Consider a
straight string in the centre of mass frame. Then x′ = ξ ,
where ξ is the instantaneous separation of the two centres
in Scm, so (∂Xµ/∂τ)(∂Xµ/∂σ) = −ξ.x˙, (∂Xµ/∂σ)2 =
−ξ2 and s = 1 − x˙2/c2. It is convenient to rewrite the
Lagrangian density (A2) in the form
L = f(z)
[g(z)
c2
(∂Xµ
∂τ
∂Xµ
∂σ
)2
−
(∂Xµ
∂σ
)2]−1/2
(A6)
=
f(z)
ξ
[
1 + g(z)
(ξ̂ .x˙)2
c2
]−1/2
, (A7)
where f(z) and g(z) are arbitrary functions of z = x˙2/c2
defined by A(s) = g(z)/f(z)2 and B(s) = 1/f(z)2 and ξ̂
denotes the unit vector along ξ . Expanding f and g in
powers of z, the Lagrangian (A4) has the form
Lcm =
Γ
ξ
∫ 1
0
dσ (1 + a1z + a2z
2 + . . . )
×
[
1 + (b1 + b2z + . . . )
(ξ̂ .x˙)2
c2
]−1/2
, (A8)
for some constants Γ, a1, a2, b1 and b2. Let (ct, r) denote
the coordinates in S. To lowest order, the relative posi-
tions and velocities of the ends of the string are Lorentz
invariant, so ξ̂ may be replaced by r̂ij , the unit vector
along the string in S, and the velocity of the string as a
function of σ may be written as x˙ = (1/2−σ)vij . Then,
to O(v2/c2), (A8) gives
Lcm =
Γ
ξ
[
1 +
a1
12
v2ij
c2
− b1
24
(r̂ij .vij)
2
c2
+ . . .
]
. (A9)
If Scm moves with velocity w relative to S then dτ =
dt/γ(w). From (A3), L = Lcm/γ(w), so
L =
Γ
γ(w)ξ
[
1 +
a1
12
v2ij
c2
− b1
24
(r̂ij .vij)
2
c2
+ . . .
]
. (A10)
The quantity 1/γ(w)ξ must now be rewritten in terms
of the positions and velocities at a given time in frame
S. The instantaneous separation ξ of the two centres in
frame Scm can be related to the instantaneous separation
rij in frame S by a modification of the method in [18] that
is symmetrical with respect to the two centres. Consider
the two events A and C in Fig 4, which are simultaneous
in Scm at time τA and separated by the distance ξ. In
S, the events A and C are not simultaneous. A line
of simultaneity in S is shown in Fig 4 connecting the
events B and D. The events B and D are defined to be
7FIG. 4: Diagram showing the worldlines of the ith and jth
particles in the centre of mass frame, Scm. The line AC is
a line of simultaneity in Scm and the line BD is a line of
simultaneity in the frame S.
symmetrical relative to the line of simultaneity in Scm,
so that τB − τA = τA− τD. The Lorentz transformations
relating the positions of events B and D in the two frames
are
xB = rB + (γ − 1)ŵ(ŵ.rB)− γwtB (A11)
and xD = rD + (γ − 1)ŵ(ŵ.rD)− γwtD . (A12)
Since the velocities of the centres are equal and opposite
in Scm and τB − τA = −(τD − τC), it follows that xB −
xA = xD − xC . Then
ξ = xA − xC = xB − xD = rij + (γ − 1)ŵ(ŵ.rij)
⇒ ξ = rij + w(w.rij)
2c2
+ . . .
⇒ ξ2 = r2ij +
(rij .w)
2
c2
+ . . . . (A13)
For interactions with nearby matter, the centre of mass
velocity is w = (vi + vj)/2 so
1
γ(w)ξ
=
(
1− w
2
2c2
+ . . .
)[
r2ij +
(rij .w)
2
c2
]−1/2
(A14)
=
1
rij
[
1− w
2
2c2
− (r̂ij .w)
2
2c2
+ . . .
]
=
1
rij
[
1− v
2
ij
8c2
− vi.vj
2c2
− (r̂ij .vij)
2
8c2
− (r̂ij .vi)(r̂ij .vj)
2c2
+ . . .
]
(A15)
and the Lagrangian (A10) becomes
L =
Γ
rij
[
1 +
(a1
12
− 1
8
)v2ij
c2
− vi.vj
2c2
−
( b1
24
+
1
8
) (r̂ij .vij)2
c2
− (r̂ij .vi)(r̂ij .vj)
2c2
+ . . .
]
.
(A16)
For interactions with distant matter, the centre of mass
frame of mi and particles of distant matter is effectively
the rest frame of the distant matter. The calculation of
relativistic corrections to kinetic energy in Appendix B
requires O(v4/c4) terms proportional to v4i /c4. The ve-
locity of mi in Scm is vij/(1−vi.vj/c2), but the O(v2/c2)
correction to vij does not lead to any terms in the La-
grangian proportional to v4i /c
4 and is therefore neglected.
The velocity of the string as a function of σ may there-
fore be written as x˙ = σvij . Similarly, it is sufficient to
use the approximation ξ̂ = r̂ij in the evaluation of (A8)
and expansion to O(v4/c4) then gives, instead of (A10),
L =
Γ
γ(w)ξ
[
1 +
a1
3
v2ij
c2
− b1
6
(r̂ij .vij)
2
c2
+
a2
5
v4ij
c4
+
3b21
40
(r̂ij .vij)
4
c4
− b2 + a1b1
10
(vij)
2(r̂ij .vij)
2
c4
]
.
(A17)
Evaluating the prefactor (A14) with w = vj instead of
w = (vi + vj)/2 gives, instead of (A15),
1
γ(w)ξ
=
1
rij
[
1− v
2
j
2c2
− (r̂ij .vj)
2
2c2
+ . . .
]
, (A18)
with no O(v4/c4) terms proportional to v4i /c4. Substi-
tuting into (A17) then gives, instead of (A16),
L =
Γ
rij
[
1− v
2
j
2c2
− (r̂ij .vj)
2
2c2
+
a1
3
v2ij
c2
− b1
6
(r̂ij .vij)
2
c2
+
a2
5
v4ij
c4
+
3b21
40
(r̂ij .vij)
4
c4
− b2 + a1b1
10
(vij)
2(r̂ij .vij)
2
c4
]
.
(A19)
Appendix B: The total Lagrangian and experimental
constraints
To define the total Lagrangian for a system of particles
interacting with each other and with the distant universe,
it is necessary to define the gravitational mass of the ith
particle, m˜i, for each interaction. For interactions be-
tween a particle in the system and a distant particle, the
gravitational mass of each particle is equal to the iner-
tial mass, mi. For interactions between two particles in
the system, the gravitational masses are defined by equa-
tion (2). The total Lagrangian for a system of nearby
particles interacting with distant matter, using (A9) for
interactions between pairs of particles within the system
and (A16) for interactions with distant matter, is there-
8fore
L =
∑
i,j∈Sn,i<j
Gm˜im˜j
rij
[
1 +
(a1
12
− 1
8
)v2ij
c2
− vi.vj
2c2
−
( b1
24
+
1
8
) (r̂ij .vij)2
c2
− (r̂ij .vi)(r̂ij .vj)
2c2
+ . . .
]
+
∑
i∈Sn,j∈Sd
Gmimj
rij
[
1− v
2
j
2c2
− (r̂ij .vj)
2
2c2
+
a1
3
v2ij
c2
− b1
6
(r̂ij .vij)
2
c2
+
a2
5
v4ij
c4
+
3b21
40
(r̂ij .vij)
4
c4
− b2 + a1b1
10
(vij)
2(r̂ij .vij)
2
c4
+ . . .
]
, (B1)
where Sn denotes the set of nearby particles in the system
and Sd denotes the set of particles in the distant universe.
Let the gravitational potential due to distant matter, κ,
be defined by ∑
j∈Sd
Gmj
rijc2
= κ , (B2)
where rij is the distance from a distant particle of mass
mj to some nearby mass mi, and suppose that, in frame
S, all distant matter particles have velocity vd. The av-
erage values of (r̂ij .n)
2 and (r̂ij .n)
4 when summed over
distant matter are 1/3 and 1/5, respectively, for any fixed
unit vector n, so (B1) becomes
L =
∑
i∈Sn
κmic
2
[
1− 2v
2
d
3c2
+
1
3
(
a1 − b1
6
)v2id
c2
+ δ
v4id
c4
. . .
]
+
∑
i,j∈Sn,i<j
Gm˜im˜j
rij
[
1 +
(a1
12
− 1
8
)v2ij
c2
− vi.vj
2c2
−
( b1
24
+
1
8
) (r̂ij .vij)2
c2
− (r̂ij .vi)(r̂ij .vj)
2c2
+ . . .
]
,
(B3)
where
δ =
1
5
(
a2 +
3b21
40
− b2 + a1b1
6
)
. (B4)
From equation (2), the gravitational mass m˜i is given in
terms of the inertial mass mi by
m˜ic
2 = mic
2 −
∑
j∈Sn,j 6=i
Gm˜im˜j
2rij
= mic
2 −
∑
j∈Sn,j 6=i
Gmimj
2rij
+ . . . . (B5)
Substitution into (B3) gives
L =
∑
i∈Sn
κmic
2
[
1− 2v
2
d
3c2
+
1
3
(
a1 − b1
6
)v2id
c2
+ δ
v4id
c4
+ . . .
]
+
∑
i,j∈Sn,i<j
Gmimj
rij
[
1 +
(a1
12
− 1
8
)v2ij
c2
− vi.vj
2c2
−
( b1
24
+
1
8
) (r̂ij .vij)2
c2
− (r̂ij .vi)(r̂ij .vj)
2c2
+ . . .
]
−
∑
i,j,k∈Sn,j 6=i,k 6=j
G2mimjmk
2rijrjkc2
+ . . . . (B6)
If the constant κ satisfies the relation
κ
3
(
a1 − b1
6
)
=
1
2
(B7)
and the parameters a2 and b2 in (B4) are such that
κδ =
1
8
(B8)
then, after dropping the first two terms in (B6), which do
not contribute to the equations of motion, the Lagrangian
has the form
L =
∑
i∈Sn
[1
2
miv
2
id +
1
8
mi
v4id
c2
]
+
∑
i,j∈Sn,i<j
Gmimj
rij
[
1 + β
(v2i + v
2
j )
c2
+ γ
vi.vj
c2
+µ
(r̂ij .vi)
2 + (r̂ij .vj)
2
c2
+ ν
(r̂ij .vi)(r̂ij .vj)
c2
]
+ 
∑
i,j,k∈Sn,j 6=i,k 6=j
G2mimjmk
rijrjkc2
+ . . . , (B9)
where the parameters β, γ, µ, ν and  are given by
β =
a1
12
− 1
8
, γ = −a1
6
− 1
4
, µ = − b1
24
− 1
8
,
ν =
b1
12
− 1
4
and  = −1
2
. (B10)
The derivation of the Lagrangian (B9) shows that the
kinetic energy of a mass is due to the velocity-dependence
of the energy in the Machian strings connected to it.
The equations of motion are presented in Appendix C
and relativistic effects are calculated in Appendix E.
The experimental constraints (E8) and (E9) from the
two-body problem and (E31), (E32) and (E33) from the
Nordtvedt effect have the unique solution
β =
3
2
, γ = −7
2
, µ = 0, ν = −1
2
and  = −1
2
.
(B11)
With the parameters in (B11) and in the special case
where the reference frame is at rest relative to distant
matter, the Lagrangian simplifies to
L =
∑
i∈Sn
[1
2
miv
2
i +
1
8
mi
v4i
c2
]
+
∑
i,j∈Sn,i<j
Gmimj
rij
[
1 +
3(v2i + v
2
j )
2c2
− 7vi.vj
2c2
− (r̂ij .vi)(r̂ij .vj)
2c2
]
−
∑
i,j,k∈Sn,j 6=i,k 6=j
G2mimjmk
2rijrjkc2
+ . . . , (B12)
which is the same as the Lagrangian derived by Einstein,
Infeld and Hoffmann [19]. The Lagrangian (A8) describ-
ing the motion of the string in its centre of mass frame
is therefore consistent with experiment if
a1 =
39
2
and b1 = −3 . (B13)
9Equation (B7) then gives
κ =
3
40
(B14)
and (B8) requires a2 and b2 to satisfy
a2 − b2
6
= −251
120
. (B15)
Equation (B14) implies that the total energy in the
Machian strings of a space quantum is∑
j∈Sd
Gmimj
rij
=
3
40
mic
2 , (B16)
so that approximately 8% of the energy of a space quan-
tum is in the Machian strings and the remaining 92% is
at the centre.
Appendix C: Equations of motion
Variation of the Lagrangian (B9) with respect to ri
gives the equation of motion for mi,
∂L
∂ri
− d
dt
( ∂L
∂vi
)
= 0 . (C1)
For the mass m1, the equation of motion is
−
∑
i∈Sn
Gm1mi
r1i3
r1i
{
1 + β
(v21 + v
2
i )
c2
+ γ
v1.vi
c2
+ 3µ
(r̂1i.v1)
2 + (r̂1i.vi)
2
c2
+ 3ν
(r̂1i.v1)(r̂1i.vi)
c2
}
+
∑
i∈Sn
Gm1mi
r1ic2
[
2µ
(r̂1i.v1)v1 + (r̂1i.vi)vi
r1i
+ ν
(r̂1i.vi)v1 + (r̂1i.v1)vi
r1i
]
+
∂
∂r1
  ∑
i,j,k∈Sn,j 6=i,k 6=j
G2mimjmk
rijrjkc2

− d
dt
{
m1
(
1 +
v21d
2c2
)
v1d
+
∑
i∈Sn
Gm1mi
r1ic2
[
2βv1 + γvi + 2µ(r̂1i.v1)r̂1i
+ ν(r̂1i.vi)r̂1i
]}
= 0 . (C2)
Appendix D: Inertia and Newton’s laws of motion
Suppose that the masses m1 and m2 are in a reference
frame accelerating with respect to distant matter with
acceleration a. In the accelerated frame, distant matter
has an acceleration −a, so r¨d = −a. Equation (C2) then
has the form
m1r¨1 = −m1a− Gm1m2
r3
r + . . . . (D1)
Equation (D1) defines the total force acting on the mass
m1 in an accelerated reference frame. When m2 = 0,
the additional force that has to be added to the right
hand side to give r¨1 = 0 is m1a. A force F = m1a is
therefore needed to maintain an acceleration a relative to
distant matter, which is Newton’s second law of motion.
Newton’s first law of motion, that a particle moves with
r¨1 = 0 in an inertial frame when there are no external
forces, corresponds to the special case a = 0.
Appendix E: Relativistic gravity
1. The two body problem
Consider the motion of two masses, m1 and m2, in an
inertial frame. Setting r¨d = 0 and vd = 0, the equation
of motion (C2) for m1 is, to first order in v
2/c2,
r¨1 +
1
2
(
r¨1
v21
c2
+ 2v1
v1.r¨1
c2
)
= −Gm2
r2
r̂
[
1 + β
(v21 + v
2
2)
c2
+ γ
v1.v2
c2
+ 3µ
(r̂.v1)
2 + (r̂.v2)
2
c2
+ 3ν
(r̂.v1)(r̂.v2)
c2
]
+
Gm2
rc2
[
2µ
(r̂.v1)v1 + (r̂.v2)v2
r
+ ν
(r̂.v2)v1 + (r̂.v1)v2
r
]
+
Gm2
r3c2
(r.v)
[
2βv1 + γv2 + 6µ(r̂.v1)r̂ + 3ν(r̂.v2)r̂
]
−Gm2
rc2
[
2βr¨1 + γr¨2 + 2µ
(v.v1)
r
r̂ + 2µ
(r̂.v1)
r
v
+ 2µ(r̂.r¨1)r̂ + ν
(r̂.v2)
r
v + ν
(v.vi)
r
r̂ + ν(r̂.r¨2)r̂
]
− 2G
2
r3c2
(m1m2 +m
2
2)r̂ . (E1)
After substituting the Newtonian approximations r¨1 =
−Gm2r/r3 and r¨2 = Gm1r/r3, equation (E1) reduces to
r¨1 = A1 r̂ + B1 v1 + B2v2 , (E2)
with
A1 = −Gm2
r2
+
G2m2
r3c2
[
(2β + 2µ)m2 − (γ + ν)m1
]
+
Gm2
r2c2
[
− β(v21 + v22)− γv1.v2
− 3µ{(r̂.v1)2 + (r̂.v2)2}+ 6µ(r̂.v)(r̂.v1)− 2µv.v1
− 3ν(r̂.v1)(r̂.v2)− ν(v.v2) + 3ν(r̂.v)(r̂.v2)
]
+
Gm2
2r2c2
v21 −
2G2
r3c2
(m1m2 +m
2
2) ,
B1 =
Gm2
r2c2
[
r̂.v1 + 2βr̂.v
]
and B2 =
Gm2
r2c2
[
(ν + 2µ)(r̂.v1 + r̂.v2) + γr̂.v
]
.
(E3)
The equation of motion for r in the centre of mass
frame may be found by subtracting the corresponding
10
equation for m2 and substituting v1 = m2v/M and
v2 = −m1v/M , where M = m1 +m2, which gives
r¨ = A r̂ + B (r̂.v)v , (E4)
with A = −GM
r2
+
G2
r3c2
[
(2β + 2µ− 2)(m21 +m22)
− 2(γ + ν + 2)m1m2
]
+
G
Mr2c2
[
{3µ(m21 +m22)− 3νm1m2}(r̂.v)2
−
{(
β + 2µ− 1
2
)
(m21 +m
2
2)
−
(
2ν + γ − 1
2
)
m1m2
}
v2
]
and B =
G
Mr2c2
[
(1 + 2β)(m21 +m
2
2)
− (1 + 2γ)m1m2
]
. (E5)
Introducing polar coordinates for r, the angular com-
ponent of (E4) may be integrated to give r2θ˙ =
h exp[
∫ r
B dr′], for some constant h, and the radial com-
ponent becomes
d2u
dθ2
+ u = − A
h2u2
e−2
∫ rB dr′
=
GM
h2
+
G2u
h2c2
[
(2 + 2β − 2µ+ 2)(m21 +m22)
− (2 + 2γ − 2ν − 4)m1m2
]
+
3G[νm1m2 − µ(m21 +m22)]
Mh2c2
r˙2
+
G
Mh2c2
[(
β + 2µ− 1
2
)
(m21 +m
2
2)
−
(
γ + 2ν − 1
2
)
m1m2
]
v2 , (E6)
where u = 1/r. After using the energy conservation equa-
tion v2 = 2GMu+ 2EM/m1m2 to substitute for v
2, the
rate of periastron precession is found from the coefficient
of u on the right hand side to be
∆θ =
piG2
h2c2
[
(1 + 4β + 2µ+ 2)(m21 +m
2
2)
− (1 + 4γ + 2ν − 4)m1m2
]
(E7)
per orbit. The prediction of General Relativity is ∆θ =
6piG2M2/h2c2, so agreement with the experimental data
for the precession of the perihelion of Mercury and the
periastron of a binary pulsar requires
4β + 2µ + 2 = 5 (E8)
and 4γ + 2ν − 4 = −13 . (E9)
2. The Nordtvedt effect
The absence of a Nordtvedt effect in the Earth-Moon-
Sun system [20] implies that the accelerations of the
Earth and Moon towards the Sun are the same, so that
the acceleration of a composite body towards the Sun is
independent of its gravitational self-interaction energy.
For a composite body consisting of two point masses, mi
and mj , separated by a distance of rij , the acceleration
of the centre of mass towards a massive external body
must therefore be independent of Gmimj/rij .
Consider the motion of the two masses mi and mj in
the presence of an external mass me. The acceleration of
the centre of mass is given by
a =
mir¨i +mj r¨j
M
=
mi
M
r¨i +
{
i↔ j
}
, (E10)
where M = mi + mj . The acceleration r¨i of mi in the
presence of mj and me may be found by extending equa-
tion (E1) to the case of two nearby masses. The required
generalisation of (E1) may be written in the form
r¨i = − 1
2c2
(v2i r¨i + vi.r¨ivi)
− Gmj
rijc2
[
2βr¨i + γr¨j + 2µ(r̂ij .r¨i)r̂ij + ν(r̂ij .r¨j)r̂ij
]
− Gme
riec2
[
2βr¨i + γr¨e + 2µ(r̂ie.r¨i)r̂ie + ν(r̂ie.r¨e)r̂ie
]
−2G
2
c2
{[mimj +m2j
r4ij
+
mjme
rij3
( 1
rie
+
1
rje
)]
rij
+
[mime +m2e
r4ie
+
mjme
rie3
( 1
rij
+
1
rje
)]
rie
]}
+ Xij + Xie , (E11)
where Xij denotes the remaining acceleration-
independent terms of the right hand side of (E1)
corresponding to the interaction of mi and mj , i.e.
Xij = −Gmj
r3ij
rij
[
1 + β
(v2i + v
2
j )
c2
+ γ
vi.vj
c2
+ 3µ
(r̂ij .vi)
2 + (r̂ij .vj)
2
c2
+ 3ν
(r̂ij .vi)(r̂ij .vj)
c2
]
+
Gmj
rijc2
[
2µ
(r̂ij .vi)vi + (r̂ij .vj)vj
r
+ ν
(r̂ij .vj)vi + (r̂ij .vi)vj
rij
]
+
Gmj
r3ijc
2
(rij .vij)
[
2βvi + γvj + 6µ(r̂ij .vi)r̂ij
+ 3ν(r̂ij .vj)r̂ij
]
− Gmj
rijc2
[
2µ
(vij .vi)
rij
r̂ij + 2µ
(r̂ij .vi)
rij
vij
+ ν
(r̂ij .vj)
rij
vij + ν
(vij .vj)
rij
r̂ij
]
. (E12)
The acceleration-dependent terms in (E11) may be eval-
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uated by substituting the Newtonian approximations
r¨i = −Gmj
r2ij
r̂ij − Gme
r2ie
r̂ie ,
r¨j =
Gmi
r2ij
r̂ij − Gme
r2je
r̂je ,
and r¨e =
Gmi
r2ie
r̂ie +
Gmj
r2je
r̂je . (E13)
Substituting the Newtonian approximation for r¨i into the
first line of (E11) gives
r¨i = Yij + Yie
−2G
2
c2
{[mimj +m2j
r4ij
+
mjme
rij3
( 1
rie
+
1
rje
)]
rij
+
[mime +m2e
r4ie
+
mjme
rie3
( 1
rij
+
1
rje
)]
rie
]}
, (E14)
where
Yij = Xij +
Gmj
2r2ijc
2
{
v2i r̂ij + (vi.r̂ij)vi
}
− Gmj
rijc2
[
2βr¨i + γr¨j + 2µ(r̂ij .r¨i)r̂ij + ν(r̂ij .r¨j)r̂ij
]
.
(E15)
To evaluate Yij , it may be noted that if the parts of
r¨i and r¨j proportional to r̂ij in (E13) are substituted
into (E15) then (E15) has the same form
Aj1 r̂ij + B
j
1 vi + B
j
2vj (E16)
as given in (E2), where Aj1, B
j
1 and B
j
2 are of the form
corresponding to (E3) for the interaction of mi and mj ,
i.e.
Aj1 = −
Gmj
r2ij
+
G2mj
r3ijc
2
[
(2β + 2µ)mj − (γ + ν)mi
]
+
Gmj
r2ijc
2
[
− β(v2i + v2j )− γvi.vj
− 3µ{(r̂ij .vi)2 + (r̂ij .vj)2}+ 6µ(r̂ij .vij)(r̂ij .vi)
− 2µvij .vi − 3ν(r̂ij .vi)(r̂ij .vj)− ν(vij .vj)
+ 3ν(r̂ij .vij)(r̂ij .vj)
]
+
Gmj
2r2ijc
2
v2i ,
Bj1 =
Gmj
r2ijc
2
[
r̂ij .vi + 2βr̂ij .vij
]
and Bj2 =
Gmj
r2ijc
2
[
(ν + 2µ)(r̂ij .vi + r̂ij .vj)
+ γr̂ij .vij
]
. (E17)
Adding the additional contributions to Yij from the
parts of r¨i and r¨j in (E13) proportional to r̂ie and r̂je,
respectively, gives
Yij = A
j
1 r̂ij + B
j
1 vi + B
j
2vj
+
Gmj
rijc2
{
Gme
r2ie
[
2βr̂ie + 2µ(r̂ij .r̂ie)r̂ij
]
+
Gme
r2je
[
γr̂je + ν(r̂ij .r̂je)r̂ij
]}
. (E18)
Similarly,
Yie = A
e
1 r̂ie + B
e
1 vi + B
e
2vj
+
Gme
riec2
{
Gmj
r2ij
[
2βr̂ij + 2µ(r̂ie.r̂ij)r̂ie
]
+
Gmj
r2je
[
γr̂je − ν(r̂ie.r̂je)r̂ie
]}
. (E19)
To lowest order, the centre of mass acceleration (E10)
is equal to −Gmer̂/r2 where here, and in the remain-
der of this section, r denotes the position vector from
me to the centre of mass of mi and mj . The Nordtvedt
effect concerns corrections to Gme/r
2 that depend on
the binding energy, −Gmimj/rij , of mi and mj . Con-
sider, therefore, the contributions to (E10) proportional
to Gme/r
2. The contribution to (E10) from the O(G2)
terms in (E14) that are proportional to me is
−2G
2mi
Mc2
{[mjme
rij3
( 1
rie
+
1
rje
)]
rij
+
[mime
r4ie
+
mjme
rie3
( 1
rij
+
1
rje
)]
rie
]}
,
+
{
i↔ j
}
(E20)
and the rij−dependent part proportional to Gme/r2 is
−2G
2mimjme
Mrijc2
(rie
r3ie
+
rje
r3je
)
≈ − 4G
2mimjme
Mrijr2c2
r̂ . (E21)
The contribution to Yij proportional to Gme/r
2 is,
from (E18),
Gmjme
rijr2c2
[
(2β + γ)r̂ + (2µ+ ν)(r̂ij .r̂)r̂ij
]
(E22)
and the corresponding contribution to (E10) is
2Gmimjme
Mrijr2c2
[
(2β + γ)r̂ + (2µ+ ν)(r̂ij .r̂)r̂ij
]
. (E23)
The expression (E19) for Yie contains contributions pro-
portional to Gme/r
2 from Ae1 r̂ie+B
e
1 vi+B
e
2vj and, from
the other terms, contributions proportional to Gme/r.
The contributions proportional to Gme/r
2 are{
−Gme
r2
+
Gme
r2c2
[
− β(v2i + v2e)
− γvi.ve − 3µ
{
(r̂.vi)
2 + (r̂.ve)
2
}
+ 6µ(r̂.vie)(r̂.vi)
− 2µvie.vi − 3ν(r̂.vi)(r̂.ve)− ν(vie.ve)
+ 3ν(r̂.vie)(r̂.ve)
]
+
Gme
2r2c2
v2i
}
r̂
+
Gme
r2c2
[
r̂.vi + 2βr̂.vie
]
vi
+
Gme
r2c2
[
(ν + 2µ)(r̂.vi + r̂.ve) + γr̂.vie
]
ve. (E24)
12
Suppose, for simplicity, that the masses mi and mj are
in a circular orbit. Then v2i is constant and equal to
Gm2j/rij . The time averaged values of r̂.vi and vi.ve are
zero, so the time-averaged part of (E24) that depends on
rij is
−Gme
r2
r̂ +
G2m2jme
Mrijr2c2
[ 1
2
− β − 2µ
+ 3µ〈(r̂.v̂i)2〉
]
r̂
+
G2m2jme
Mrijr2c2
(1 + 2β)〈(r̂.v̂i)v̂i〉 , (E25)
where the angled brackets denote the time average. After
replacing v̂i by v̂ij , the contribution of (E25) to (E10) is
−Gme
r2
r̂ +
G2mimjme
Mrijr2c2
[ 1
2
− β − 2µ
+ 3µ〈(r̂.v̂ij)2〉
]
r̂
+
G2mimjme
Mrijr2c2
(1 + 2β)〈(r̂.v̂ij)v̂ij〉 , (E26)
so the contribution to Yie proportional to Gme/r
2 gives
a contribution to (E10) proportional to Gme/r
2. The
contribution to Yie proportional to Gme/r is
G2mjme
r2ijriec
2
[
2βr̂ij + 2µ(r̂ie.r̂ij)r̂ie
]
which gives a contribution to (E10) of
G2memimj
Mr2ijc
2
[
2β
( 1
rie
− 1
rje
)
r̂ij
+ 2µ
{ (r̂ie.r̂ij)
rie
r̂ie − (r̂je.r̂ij)
rje
r̂je
}]
=
G2memimj
Mr2ijc
2
[
f(ri) − f(rj)
]
, (E27)
where f(x) = 2β
r̂ij
|x− xe|
+ 2µ
(x− xe).r̂ij
|x− xe|3 (x− xe). (E28)
With the approximation f(ri)−f(rj) = (ri−rj).∇f(ri),
the time-averaged contribution to (E10) from (E27) be-
comes
G2memimj
Mrijr2c2
[
2µr̂ + (2µ− 2β)〈(r̂.r̂ij)r̂ij〉
− 6µ〈(r̂.r̂ij)2〉r̂
]
, (E29)
so the contribution to Yie proportional to Gme/r also
gives a contribution to (E10) proportional to Gme/r
2.
The time averages of (r̂.r̂ij)
2 and (r̂.v̂ij)
2 are equal
to (sin2 θ)/2, where θ is the angle between r̂ and the
normal to the orbital plane of mi and mj , and the
time averages of (r̂.r̂ij)r̂ij and (r̂.v̂ij)v̂ij are equal to
(sin2 θ r̂ + sin θ cos θ n)/2, where n is a unit vector per-
pendicular to r̂ in the plane containing r̂ and the normal
to the orbital plane. The sum of (E21), (E23), (E26)
and (E29) gives, for the total rij−dependent centre of
mass acceleration proportional to Gme/r
2,
−Gme
r2
r̂ +
G2mimjme
Mrijr2c2
[{1
2
+ 3β + 2γ − 4
− 3
2
µ sin2 θ
}
r̂
+
1
2
(1 + 6µ+ 2ν)(sin2 θ r̂ + sin θ cos θ n)
]
.
(E30)
The constraints on the parameters needed to ensure the
absence of the Nordtvedt effect are therefore
3β + 2γ − 4 = −1
2
, (E31)
µ = 0 (E32)
and ν = −1
2
. (E33)
Appendix F: The precession of gyroscopes
The precession of a gyroscope in orbit around
the Earth may be calculated using the EIH La-
grangian (B12). The method is described in [21] and
explicit calculations are given here for completeness.
1. Geodetic precession
Consider a gyroscope rotating with angular velocity ω
and moving with velocity V relative to the Earth. The
Lagrangian for the gyroscope may be obtained by inte-
grating the Lagrangian (G1) for a point particle over the
mass distribution of the gyroscope. A point with position
vector x relative to the centre of mass of the gyroscope
has velocity v(x) = V + ω × x relative to the Earth.
The geodetic precession comes from the change in the
Lagrangian that is proportional to the angular velocity
of the gyroscope and the mass M of the Earth. After
substituting into (G1), the last term in (G1) becomes
3GM
2c2
∫
d3x
ρ(x)v(x)2
|r + x| , (F1)
where ρ(x) is the mass density of the gyroscope and r is
the position vector of the centre of the gyroscope relative
to the centre of the Earth. The required change in the
Lagrangian is therefore
δL =
3GM
c2
∫
d3x
ρ(x)V.(ω × x)
|r + x|
=
3GM
c2
Viijkωj
∫
d3x ρ(x)xk
(
1
r
− r.x
r3
+ . . .
)
.
(F2)
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The first term vanishes by definition of the centre of mass
and, if the gyroscope is assumed to be a sphere,∫
d3x ρ(x)xixj =
1
2
Iδij , (F3)
where I =
2
3
∫
d3x ρ(x)x2 (F4)
is the moment of inertia. Equation (F2) then gives
δL = −3IGM
2r3c2
Viijkωjxk
= −3GM
2r3c2
S.(r×V), (F5)
where S is the angular momentum of the gyroscope. The
additional term (F5) in the Lagrangian gives a precession
of the gyroscope with angular velocity
Ωgeo =
3GM
2r3c2
(r×V), (F6)
in agreement with the experimental value.
2. Gravitomagnetic precession
When the rotation of the Earth is taken into account
there is an additional contribution to the rate of gyro-
scope precession, known as gravitomagnetic precession,
associated with the angular momentum of the Earth.
Let the angular velocity of the Earth be ωE and a con-
sider mass element m1 in the gyroscope with position
vector x relative to the centre of the gyroscope and a
mass element m2 in the Earth with position vector xE
relative to the centre of the Earth. The velocities of
the two mass elements are v1(x) = V + ω × x and
v2(xE) = ωE × xE , respectively, and their relative po-
sition vector is r12 = r + x − xE . The terms in the La-
grangian (B12) that are proportional to Gm1m2/r and
quadratic in the velocities v1 and v2 are
Gm1m2
r12c2
[3
2
(v21 + v
2
2)−
7
2
v1.v2 − 1
2
(r̂12.v1)(r̂12.v2)
]
.
(F7)
After substituting for v1 and v2 and integrating over the
mass densities ρ(x) and ρE(xE), the terms containing
factors of both ω and ωE are
δL = − G
2c2
∫ ∫
d3x d3xE ρ(x)ρE(xE)[
7
(ω × x).(ωE × xE)
r12
+
r12.(ω × x) r12.(ωE × xE)
r312
]
= − G
2c2
∫
d3x ρ(x)I(x) (F8)
where, after defining R = r + x, the integral I(x) may
be written in the form
I(x) =
∫
d3xE ρE(xE)
[
7
(ω × x).(ωE × xE)
r12
+
R.(ω × x) R.(ωE × xE)
r312
− xE .(ω × x) R.(ωE × xE)
r312
]
.
(F9)
The integral (F9) may be evaluated as a power series in
1/R using the expansions
1
r12
=
1
R
+
R̂.xE
R2
+
3(R̂.xE)
2 − x2E
2R3
+ . . .
and
1
r312
=
1
R3
+
3R̂.xE
R4
+ . . . . (F10)
Assuming the Earth to be spherical, the integral of a term
containing two factors of xE may be evaluated using the
formula analagous to (F3) and the integral of a term
containing an odd number of factors of xE is zero. The
expansion of (F9) reduces to
I(x) = 4IE
R̂.[(ω × x)× ωE ]
R2
, (F11)
to order 1/R2, and substituting back into (F8) then gives
δL = −2GIE
c2
∫
d3x ρ(x)
R̂.[(ω × x)× ωE ]
R2
. (F12)
The integral (F12) may similarly be evaluated in powers
of 1/r using the expansion
R̂
R2
=
r̂
r2
+
x− 3r̂(r̂.x)
r3
+ . . . , (F13)
which gives
δL =
2GIE
r3c2
∫
d3x ρ(x)
{
[ω(ωE .x)− x(ω.ωE)]
.[x− 3r̂(r̂.x)]
}
. (F14)
After applying (F3), equation (F14) reduces to
δL =
GIIE
r3c2
[ω.ωE − 3(rˆ.ω)(rˆ.ωE)]
=
G
r3c2
S.[J− 3rˆ(rˆ.J)], (F15)
where S is the angular momentum of the gyroscope and
J is the angular momentum of the Earth. The rate of
gravitomagnetic precession is therefore
Ωgm =
G
r3c2
[3rˆ(rˆ.J)− J], (F16)
in agreement with the standard result.
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Appendix G: The propagation of light
Consider a test mass m moving in the gravitational
field of a mass M . After setting the velocity of the mass
M equal to zero, the Lagrangian (B12) for the mass m,
in a frame at rest relative to distant matter is
L =
1
2
mv2 +
1
8
mv4
c2
+
GmM
r
(
1 +
3v2
2c2
)
, (G1)
to lowest order in GM/rc2. After subtracting the con-
stant mc2, the Lagrangian (G1) may be written in the
form
L = −
[
1− v
2
c(r)2
]1/2
m(r)c(r)2 , (G2)
for suitable functions m(r) and c(r), which is a gener-
alisation of the Lagrangian −mc2/γ for a free particle.
Expanding the gamma factor in (G2) and comparing
with (G1) gives
m(r)c(r)2 = mc2
(
1− GM
rc2
)
(G3)
and m(r) = m
(
1 +
3GM
rc2
)
, (G4)
where (G3) comes from equating the terms independent
of v and (G4) comes from equating the terms propor-
tional to v2. Combining (G3) and(G4) gives, to lowest
order in GM/rc2,
c(r) = c
(
1− 2GM
rc2
)
. (G5)
The momentum corresponding to the Lagrangian (G2) is
p = m(r)v
[
1− v
2
c(r)2
]−1/2
(G6)
and the Hamiltonian is
H =
[
1− v
2
c(r)2
]−1/2
m(r)c(r)2 . (G7)
A photon may be considered as the zero-mass limit
of a massive particle. If the limit is taken so that the
energy remains constant then equation (G7) implies that
the velocity v tends to c(r), so c(r) is identified as the
speed of light in a gravitational field. The variational
principle needed to calculate the path of a photon may be
derived by considering the zero-mass limit of Hamilton’s
principle. Since the speed of the photon is given by c(r)
on the varied path as well as on the actual path, the times
at the endpoints are not fixed during the variation. It is
therefore necessary to rewrite Hamilton’s principle as a
principle of least action [22], which states that
δ
∫
p.dx = 0 (G8)
when the path is varied so as to keep the endpoints fixed
and the energy, H, constant. Now p.dx = p.v̂ds and, in
the limit v → c(r), equation (G6) gives
p.v̂ =
Hv
c(r)2
→ H
c(r)
. (G9)
The variational principle therefore becomes
δ
∫
ds
c(r)
= 0 , (G10)
where the photon frequency is constant along the path,
which is Fermat’s principle of least time.
A photon may also be considered as a localised
quantum of the electromagnetic field since, as is well
known [23], Fermat’s principle is the geometric optics
limit of Maxwell’s equations for an electromagnetic wave
in a dielectric medium in which the speed of light is
c(r). However, the propagation of electromagnetic waves
through the entire coordinate space is not consistent with
the string model, since physical space is restricted to the
strings. For consistency, electrodynamics should be for-
mulated as a direct action theory, in which charged par-
ticles interact directly with each other via the strings and
there are no independent degrees of freedom associated
with the electromagnetic field. Classical electrodynamics
can in fact be reformulated as a direct action theory by
eliminating the electromagnetic field variables from the
action [24]. For two particles, with charges q1 and q2, the
resulting Lagrangian to O(v2/c2) is
L =
∑
i
[1
2
miv
2
i +
1
8
mi
v4i
c2
]
− q1q2
r
+
q1q2
2rc2
[
v1.v2 + (r̂.v1)(r̂.v2)
]
, (G11)
which is known as the Darwin Lagrangian. The La-
grangian (G11) can be included in the formalism of Ap-
pendix A by taking Γ = −qiqj/4pi0, a1 = 3/2 and
b1 = −3 in the Lagrangian (A16) .
1. Gravitational redshift
Equation (G3) shows that the mass-energy of a test
mass at a distance r from a mass M is multiplied by
a factor 1 − GM/rc2. If the test mass is an atom,
all the energy levels of the atom are multiplied by the
same factor and the frequency of light emitted by the
atom for a given atomic transition therefore has the form
f = f0(1 − GM/rc2), where f0 is the frequency of light
for to the same atomic transition in the absence of the
mass M . A photon emitted by an atom at a distance r
from the mass M therefore propagates with a constant
frequency f0(1 − GM/rc2). Compared to the frequency
corresponding to the same transition in an atom receiv-
ing the photon at a distance r+ ∆r, the frequency of the
photon is smaller by an amount ∆f , given by
∆f
f0
=
GM
rc2
− GM
(r + ∆r)c2
≈ GM
rc2
∆r
r
, (G12)
in agreement with the usual formula. The explanation
for the gravitational redshift is essentially the same as in
the dielectric model for gravity considered by Dicke [25].
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2. The bending of light
If η denotes an arbitrary parameterisation of the pho-
ton path then, in plane polar coordinates, the path length
in equation (G10) is given by ds =
√
r˙2 + r2θ˙2 dη. The
corresponding Lagrangian, L, is independent of θ˙ and
∂L/∂θ˙ = constant gives
r2θ˙√
r˙2 + r2θ˙2
= A
(
1− 2GM
rc2
)
,
where A is a constant. Thus, to lowest order in GM/rc2,(dr
dθ
)2
+ r2 =
r4
A2
(
1 +
4GM
rc2
)
⇒
(du
dθ
)2
+ u2 =
1
A2
(
1 +
4GM
rc2
)
, (G13)
where u = 1/r. The zeroth order solution is u = u0 =
A−1 sin(θ − θ0), so the constant A is identified as the
distance of closest approach. The first order solution is
u = u0 + u1 where u1 satisfies
du1
dθ
cos(θ − θ0) + u1 sin(θ − θ0) = 2GM
A2c2
sin(θ − θ0).
Dividing by cos2(θ − θ0) and integrating gives
u =
1
A
sin(θ − θ0) + 2GM
A2c2
[1 + a cos(θ − θ0)], (G14)
where a is a constant of integration. The values of θ− θ0
corresponding to u = 0 are, approximately, −2GM/Ac2
and pi + 2GM/Ac2. The angle of deflection of the light
ray is ∆θ = 4GM/Ac2, which is twice the Newtonian
value, in agreement with observation.
3. Radar time delay
Experiments have shown that the time taken for a
radar beam to travel from the Earth to a satellite is
slightly increased if the beam passes close to the Sun.
Let the distance of closest approach of the radar beam to
the Sun be d and let the distances of the Earth and the
satellite from the point of closest approach be re and rs,
respectively. If the beam travels to the satellite and is
reflected back to Earth, the time delay due to the pres-
ence of the Sun is found, experimentally, to agree with
the formula
δt ≈ 4GM
c3
ln
(4rers
d2
)
(d re, rs), (G15)
where M is the mass of the Sun. The total time delay
due to the reduction in the speed of light from c to c(r)
is given, from (G10), by
δt =
∫ [ 1
c(r)
− 1
c
]
ds
=
2
c
∫ re
0
2GM
rc2
ds+
2
c
∫ rs
0
2GM
rc2
ds , (G16)
to lowest order in GM/rc2, where s is the path length
measured from the point of closest approach to the Sun.
If θ is the angle between the direction of propagation of
the radar beam and the direction of the Sun then s =
d cot θ and r = d cosec θ and the first integral becomes
4GM
c3
∫ re
0
ds
r
= 4
GM
c3
[
ln(cot θ + cosec θ)
] cot−1(re/d)
pi/2
≈ 4GM
c3
ln
(2re
d
)
. (G17)
The total time delay of the radar beam is therefore
δt ≈ 4GM
c3
ln
(4rers
d2
)
, (G18)
in agreement with (G15).
Appendix H: The expansion history of the Universe
The expansion of the universe may be calculated by
taking into account the dependence of the string energies
on the Hubble parameter. It is reasonable to suppose
that, if the peculiar velocities of the particles are ignored,
the energy in the string joining a particle of mass mi to
a distant particle of mass mj has the form
Gmimj
rij
f
(Hrij
c
)
, (H1)
for some function f , where H is the Hubble parameter
and r is the length of the string. For the tests of the
theory of gravity considered in Appendix E, the time
scales are much smaller than the time scale for the ex-
pansion of the Universe and the effect of the function f
is simply to rescale the masses mj of distant matter by
a constant factor. The calculations in the previous Ap-
pendices therefore remain valid provided the factor f is
understood to be included in the masses mj . In particu-
lar, equation (B16) for the total energy in the strings of
a space quantum is replaced by∑
j∈Sd
Gmimj
rij
f
(Hrij
c
)
= κmic
2 , (H2)
where κ = 3/40.
To calculate the function f , consider the kinetic energy
in the strings associated with the Hubble flow. Since the
Hubble velocity may exceed the speed of light, the kinetic
energy will be calculated using the Newtonian formula.
The recessional velocity of a point on the string at a
distance x from mi is Hx and the energy of an element
of string of length dx is Gmimjdx/r
2
ij , assuming the mass
of a string is distributed uniformly along its length, so the
total kinetic energy in the string is∫ rij
0
1
2
Gmimj
r2ijc
2
(Hx)2 dx =
Gmimj
6rij
(Hrij
c
)2
(H3)
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and equation (H2) has the form∑
j∈Sd
Gmimj
rij
[
1 +
1
6
(Hrij
c
)2 ]
= κmic
2 . (H4)
The precise formula for the kinetic energy in the strings
connected to distant matter may be more complicated
since the nature of the instantaneous interaction trans-
mitted by the strings is not yet understood. It is therefore
of interest to consider a more general function f of the
form f(x) = 1 + ax+ bx2. Then∑
j∈Sd
Gmimj
rij
[
1 + a
(Hrij
c
)
+ b
(Hrij
c
)2 ]
= κmic
2 .
(H5)
The sums in (H5) may be evaluated in the continuum
approximation, which gives∑
j∈Sd
mj
rij
≈
∫ RU
0
ρ
r
dV =
3MU
2RU
and
∑
j∈Sd
mjrij ≈
∫ RU
0
ρr dV =
3
4
MURU , (H6)
where MU is the mass of the observable Universe, RU is
the radius of the observable Universe and ρ is the average
mass density, and (H5) then reduces to the equation
3GMU
2RU
[
1 +
2a
3
(HRU
c
)
+ 2b
(HRU
c
)2 ]
= κc2 . (H7)
Equation (H7) may be used to calculate the expansion
history of the universe if it is assumed that the constant
κ, which represents the fraction of the energy of a space
quantum in the strings, is time-independent. The expan-
sion history is given by the scale factor, R(t), is related
to the radius RU by the usual formula
RU (t) = R(t)
∫ t
0
c ds
R(s)
. (H8)
The total mass MU in the observable universe is given
by
MU =
4pi
3
R3U (ρb + ρr) , (H9)
where ρb and ρr are the densities of baryons and radi-
ation, respectively. The parameters Ωb and Ωr may be
defined in the same way as in the ΛCDM model, namely
Ωb =
8piGρ0b
3H20
and Ωr =
8piGρ0r
3H20
, (H10)
where ρ0b and ρ
0
r are the densities at the present time
and H0 is the present value of the Hubble parameter.
Substitution into (H7) gives
3
4
(H0RU
c
)2(Ωb
y3
+
Ωr
y4
)[
1 +
2a
3
(HRU
c
)
+ 2b
(HRU
c
)2 ]
= κ ,
(H11)
where y = R/R0 and R0 is the value of the scale factor
at the present time. It is convenient to define the di-
mensionless time, τ , by τ = H0t and the dimensionless
conformal time, η, by the equation
η(t) = H0
∫ t
0
ds
y(s)
. (H12)
Then H0RU/c = yη and HRU/c = y˙η, where the dot
denotes differentiation with respect to τ . Substituting
into (H11) and completing the square gives
η2
y
(
1 +
yeq
y
)[
1 − a
2
18b
+ 2b
(
y˙η +
a
6b
)2 ]
=
4κ
3Ωb
,
(H13)
where yeq = Ωr/Ωb is the value of y at which the baryon
and radiation densities are equal, which may be solved
for y˙ to give
y˙η =
[ 2κ
3bΩb
y
η2
(
1 +
yeq
y
)−1
+
a2
36b2
− 1
2b
]1/2
− a
6b
.
(H14)
To integrate numerically over several orders of magni-
tude in time, it is convenient to change the independent
variable from τ to u = ln η. Equation (H14) then be-
comes
1
y
dy
du
=
[ 2κ
3bΩb
y
e2u
(
1 +
yeq
y
)−1
+
a2
36b2
− 1
2b
]1/2
− a
6b
.
(H15)
The value of Ωr is taken to be 8.2×10−5 and Ωb is treated
as a free parameter. The integration begins at the current
epoch, y = 1, and continues back to the singularity at
y = 0. The value of η at the current epoch, η = η0, is
chosen so that the Hubble parameter is equal to H0 at
the present time, i.e. so that y˙/y = 1. From (H13), it
may be seen that the required value of η0 satisfies the
equation
η20(1 + yeq)
(
1 +
2a
3
η0 + 2bη
2
0
)
=
4κ
3Ωb
,
(H16)
which has a unique positive solution for η0 when a and b
are non-negative.
The integration was performed for different values of
the parameters a, b and Ωb and a good fit to the ob-
served expansion history, given experimentally as a plot
of residual magnitude against redshift for distant super-
novae, was found for a range of values of a and b with
Ωb . 0.01. The time evolution of the scale factor in the
string model for a = 0, b = 0.01 and Ωb = 0.01 is shown
in Figure 2. The deceleration parameter, q = −RR¨/R˙2,
is equal to −0.76 at the present time and the value of
HRU/c at the present time is 2.91. A similar time evo-
lution can be obtained with Ωb = 0.01 for other values
of a and b, for example a = 0.15 and b = 0, for which
q = −0.95 and HRU/c = 2.79. The magnitude-redshift
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FIG. 5: Plot of residual magnitude against redshift for the
scale factor in Figure 2 with parameters a = 0, b = 0.01 and
for the scale factor with parameters a = 0.15, b = 0, together
with together with the experimental data points and error
bars from the Supernova Cosmology Project and the High-
z Supernova Search Team. Both sets of parameters give as
good a fit to the data as the ΛCDM model.
relations for both sets of parameters are shown in Fig-
ure 5, together with the data from the Supernova Cos-
mology Project [26] and the High-z Supernova Search
Team [27].
The graph of logR against log t in Figure 6 shows a
transition from R ∼ t1/2 to R ∼ t2/3 at log y ≈ −2.4,
corresponding to the transition from radiation domina-
tion to matter domination at redshift zeq ≈ 250.
FIG. 6: Plot of logR against log t for the best-fit scale factors
R(t) in the string model. The scale factor is proportional to
t1/2 in the radiation era and t2/3 in the matter era, exactly
as in ΛCDM.
It is remarkable that the evolution of the scale factor
has the same form in both the radiation era and the mat-
ter era as in the conventional ΛCDM model, for all values
of a and b. The result may be understood by referring to
equation (H11). The quantity in square brackets varies
very slowly compared with the factors of 1/y3 and 1/y4
so, to a good approximation, R2U/R
3 is constant in the
matter era and R2U/R
4 is constant in the radiation era.
It follows from the definition (H8) that RU is propor-
tional to t when both R(t) ∼ t1/2 and when R(t) ∼ t2/3,
so R2U/R
4 is constant when R(t) ∼ t1/2 and R2U/R3 is
constant when R(t) ∼ t2/3. The string model therefore
gives R(t) ∼ t1/2 in the radiation era and R(t) ∼ t2/3 in
the matter era, as claimed.
It is also remarkable that, at least for some values of a
and b, the string model explains the transition from decel-
eration to acceleration. When the transition does occur,
it is easy to show from equation (H11) that the scale fac-
tor has the form R ∼ t2 at late times when b 6= 0 and
grows exponentially when b = 0. At late times, the ra-
diation term in (H11) is neglegible and HRU/c increases
with time, so it follows that R3/R2U is proportional to
(HRU/c)
2 when b 6= 0 and proportional to HRU/c when
b = 0. Moreover, if R accelerates at late times then the
integral in (H8) converges, so RU has the same time de-
pendence as R. Thus H ∼ 1/√R when b 6= 0, giving
R ∼ t2, and H ∼ const. when b = 0, giving exponential
growth.
The best-fit value of Ωb in the string model is rather
less than the value suggested by experiment, although
the values suggested by different experiments are not yet
in agreement. The smallest value of Ωb consistent with
nucleosynthesis calculations in the conventional model is
Ωb = 0.015 [28] and the model in [29] with no dark matter
gives Ωb = 0.016.
If the value of H at the present time is taken to be
70 km/s/Mpc then the value of RU corresponding to a
best-fit value ofHRU/c at the present time of 2.8 is about
12 Gpc, or about 3.6 × 1026 m. Neglecting the contribu-
tion from radiation, equations (H9) and (H10) give the
relation
GMU =
Ωb
2
(HRU
c
)2
RUc
2 . (H17)
Taking Ωb = 0.01 gives GMU = 0.04RUc
2 and a corre-
sponding value of MU of about 10
22 Solar masses.
Appendix I: ‘Dark matter’ in the string model
Consider one of the Machian strings of a test mass
m connected to a distant mass m. In the absence of
any interactions between the Machian strings, the string
is straight and has total energy Gmm/R, where R is
the length of the string. The energy per unit length
is T (R) = Gmm/R2, assuming the energy to be dis-
tributed uniformly along the string. Now consider the
interaction between the Machian strings of m and the
Machian strings of a larger mass M . Let f be the change
the energy per unit length of the Machian strings of m
and suppose, as discussed in Section V, that the value
of f at a given point depends on the ratio of the den-
sity of Machian strings of M at that point to the density
of background strings. If λ denotes the mass per unit
length in a Machian string joining two particles of unit
mass, the Machian strings within a distance r of the M
contain a mass λrMMU . The corresponding mass den-
sity, ρM , in the Machian strings of M is therefore given
by 4piρMr
2dr = λdrMMU , so that ρM = λMMU/4pir
2.
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The mass density in the background Machian strings,
ρb, is given by ρb = (λM
2
URU/2)/(4piR
3
U/3), so that
ρM/ρb ∼ (M/MU )(R2U/r2). The ratio of densities is
therefore given by the variable
u =
M
|x− xM |2
(MU
R2U
)−1
. (I1)
The function f is assumed to be a function of u, so the
energy per unit length of the Machian strings of m at the
point x may be written in the form
E(R,x) = T (R)
{
1 + f [u(x)]
}
. (I2)
At the position of the test massm, the ratio of Machian
string densities (I1) is equal to
M
r2
(MU
R2U
)−1
≈ GM
r2
/
0.1 a0 , (I3)
where r is the distance between m and M , since a0 ≈
0.4c2/RU and, from Appendix H, GMU ≈ 0.04RUc2. In-
teraction between the Machian strings is therefore ex-
pected to lead to corrections to the Newtonian law of
gravitation with an acceleration scale of order 0.1a0.
The magnitude of the expected additional acceleration
can also be estimated by considering the limiting case of
maximum asymmetry in the Machian strings of m, where
all the strings point in the same direction at the centre.
The tension T (R) = Gmm/R2 in a string of length R
connected to a distant particle of mass m makes a con-
tribution to the total acceleration of magnitude Gm/R2.
If all the Machian strings around m were arranged to
point in the same direction at m, without changing their
tensions, then the total acceleration would be given by
integrating Gm/R2 over all distant matter. The resulting
acceleration would be
amax =
∫
Gρ
r2
dV = 4piGρRU
⇒ amax = 2κc
2
RU
, (I4)
since (B2) gives
κc2 =
∫
Gρ
r
dV = 2piGρR2U . (I5)
In terms of the MOND acceleration scale a0 ≈ 0.4c2/RU ,
equation (I6) gives, with κ = 3/40 from (B14),
amax ≈ 0.4a0 . (I6)
To calculate the additional acceleration explicitly, a
particular form must be chosen for the function f(u).
The limit u → 0 corresponds to the limit of no interac-
tion, so clearly f(u) → 0 as u → 0. Appendix I 2 shows
that the condition f < 1 must be applied to ensure that
the string tension remains positive, so f(u) must tend to
some constant A < 1 in the limit u→∞. To obtain flat
galaxy rotation curves, the additional acceleration is re-
quired to be proportional to 1/r at large distances from
the centre of the galaxy. It turns out that a 1/r acceler-
ation is obtained if f(u) ∼ √u as u→ 0, so consider the
function f1(u) defined by
f1(u) =
A
√
u
1 +
√
u
. (I7)
The corresponding Machian string paths were calculated
using the method described in Appendix I 1. The pattern
of Machian strings for a test mass at the edge of a typical
galaxy is shown in Figure 7, where the edge of the galaxy
is defined as the distance, Rg, at which the Newtonian
acceleration is equal to a0. Since a0 ≈ 0.4 c2/RU , Rg is
given by
GM
R2g
≈ 0.4 c
2
RU
⇒ Rg ≈ 0.32RU
√
M
MU
. (I8)
FIG. 7: Asymmetry of Machian strings for a test mass at
the edge of a galaxy. The centre of the galaxy is represented
by the black dot and the centre of the test mass is on the left,
at the distance Rg defined by equation (I8). All the strings
shown are Machian strings of the test mass.
In Appendix I 2, the tensions in the Machian strings at
m are calculated and integrated over the asymmetrical
Machian string distribution to find the total additional
acceleration of the centre. In Appendix I 3, the additional
force between the two masses is found independently by
calculating the change in total energy of the Machian
strings as a function of the distance between the masses
and the two methods are found to be in agreement. For
the function f2(u), defined by
f2(u) =
{
A
√
u u ≤ 1
A u > 1 ,
(I9)
which has the same limits as f1 for both u  1 and
u  1, the formula for the acceleration calculated in
Appendix I 3 can be evaluated analytically.
Figure 8 shows the accelerations corresponding to the
interaction functions f1 and f2 calculated in Appendix I 3
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FIG. 8: The additional accelerations, in units of a0, for the
interactions between Machian strings corresponding to the
functions f1 and f2 in equations (I7) and (I9), respectively,
for A = 1. The green curve shows the average of the two
accelerations. The radial distance r is in units of Rg.
in the limit A → 1. For both curves, the additional ac-
celeration for r  Rg is approximately a0Rg/r, which is
exactly the asymptotic behaviour in MOND. The aver-
age of the two additional acceleration curves, shown in
green, is the curve used to plot Fig 3.
It is important to check that the additional accelera-
tion is negligible in the Solar System since no dark matter
effects on the motion of planets or asteroids have been
observed. Indeed, the total mass of any dark matter
within the orbit of Saturn is estimated [30] to be less than
1.7× 10−10 Solar masses, or about 3× 1020 kg. The cor-
responding Newtonian acceleration is 8.9×10−15 m/s2 ≈
7.5 × 10−5 a0, taking the orbit of Saturn to have radius
r ∼ 1.5 × 1012 m, which provides an upper limit for the
magnitude of the additional acceleration. The value of u
at the radius of Saturn is about 4.4× 105, taking MU =
1022 Solar masses and RU = 3.6× 1026 m. According to
the calculations in Appendices I 2 and I 3 below, the ad-
ditional acceleration on a test mass m for the functions f1
and f2 is approximately (3κ/
√
u0)(c
2/RU ) ≈ 0.6a0/√u0
for u0  1, where u0 is the value of u at the centre of m.
The corresponding additional acceleration at the radius
of the orbit of Saturn is 9.0× 10−4 a0, which is too large
by an order of magnitude, so it appears that a different
function f(u) is needed.
The functions f1 and f2 defined above can easily be
generalised by changing the value of u at which the tran-
sition from f ∼ A√u for u  1 to f ∼ A for u  1 oc-
curs. Suppose, for example, that the length scale of f(u)
is decreased by a factor λ. The function f2(u) in (I9)
then becomes
f3(u) =
{
A
√
λu u ≤ 1/λ
A u > 1/λ .
(I10)
The function f3(u) is larger by a factor of
√
λ for u 1,
so the additional acceleration for u0  1 is also expected
to be larger by a factor of
√
λ. The effect on the addi-
tional acceleration for u0  1 may be found by repeating
the analytic calculation in Appendix I 3. When the func-
tion f3 is substituted into equation (I41), the function
I(ρ) in equation (I45) becomes
I(ρ) =
3
2
√
λ+
(√λ
2
− ρ
4
− λ
4ρ
)
ln
∣∣∣ρ+√λ
ρ−√λ
∣∣∣
+
√
λ ln
(√MU/M
ρ+
√
λ
)
, (I11)
where ρ = 1/
√
u0, which has the limits I(ρ) =
√
λ(1 +
ln
√
MU
M − ln ρ + . . . ) for ρ  1 and I(ρ) =
√
λ(1 +
ln
√
MU
λM ) − ρ2/(6
√
λ) + . . . for ρ  1. The additional
acceleration is therefore multiplied by
√
λ for ρ  1,
i.e. for u0  1, as expected, and divided by
√
λ for
u0  1. Thus, for λ > 1, the function f3(u) gives a
larger additional acceleration in the MOND regime and a
smaller additional acceleration in the Solar System. The
exact form of the function f(u) remains to be derived by
considering more carefully the nature of the interaction
between the Machian strings.
1. Calculation of Machian string paths
Let s be the path length along one of the Machian
strings of m connected to a distant mass m, with s = si
at m and s = sf at m. If x(s) denotes the position of the
point along the string at path length s then x(si) = Xi
and x(sf ) = Xf , where Xi and Xf are the positions of
the masses m and m, respectively. The total energy in
the string is
E =
∫ sf
si
E(R,x) ds , (I12)
where E(R,x) is the energy per unit length defined in (I2)
and R = sf − si is the length of the string. According
to the IMC, the total energy of all the strings connected
to the masses m and m is ES = mc
2 + mc2 − E. To
minimise the total energy of the system it is therefore
necessary to find a string path for which the energy (I12)
is a maximum. Since the energy (I12) tends to zero in
the limit that the string becomes infinitely long, string
paths that maximise (I12) do exist.
Consider a variation δx of the string path with the
string held fixed at the distant mass m, so that δx = δXi,
say, at s = si and δx = 0 at s = sf . Since the total
length of the string changes it is convenient to introduce
the parameter σ along the string path so that σ is fixed
at m and m, with σ = 0 at m and σ = 1 at m. The
energy E is then given by
E =
∫ 1
0
E(R,x) |x′| dσ , (I13)
where the prime denotes differentiation with respect to
σ, and the string length R is given by
R =
∫ 1
0
|x′| dσ . (I14)
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The variation of (I13) is
δE =
∫ 1
0
{( ∂E
∂R
δR+∇E .δx
)
|x′|+ E x
′.δx′
|x′|
}
dσ , (I15)
where δR =
∫ 1
0
x′.δx′
|x′| dσ . (I16)
Integrating (I16) by parts gives
δR =
(x′.δx
|x′|
)1
0
−
∫ 1
0
{ x′′
|x′| −
x′(x′.x′′)
|x′|3
}
.δx dσ . (I17)
After changing back to the path length parameterisation,
for which |x′| = 1 and x′.x′′ = 0, (I17) becomes
δR = −x′(si).δXi −
∫ sf
si
x′′.δx ds . (I18)
Similarly, (I15) becomes
δE = −E(R,Xi) x′(si).δXi
+
∫ sf
si
{ ∂E
∂R
δR+
[
∇E − x′(x′.∇E)− Ex′′
]
.δx
}
ds.(I19)
The variation δR is independent of s and may be taken
outside the integral. Substituting for δR from (I18) then
gives
δE = −
[
E(R,Xi) + I(R)
]
x′(si).δXi
+
∫ sf
si
{
∇E − x′(x′.∇E)− [E + I(R)]x′′
}
.δx ds, (I20)
where I(R) =
∫ sf
si
∂E
∂R
ds . (I21)
The requirement that E is stationary for all variations
of the string path for which the string is fixed at both
ends, i.e. for which δXi = 0, gives the path equation
∇E − x′(x′.∇E)− [E + I(R)]x′′ = 0 . (I22)
After substituting x′′ = κn, where κ is the curvature
and n is a unit vector normal to the tangent vector x′,
the component of equation (I22) along x′ is found to
be identically zero and the component along n gives the
equation for the curvature,
κ(x) =
n.∇E
E(R,x) + I(R) . (I23)
A computer program was written to calculate the paths
of Machian strings around a test mass m, with the energy
per unit length of the Machian strings defined by (I2) and
the interaction function f1(u) defined by (I7). If ψ de-
notes the angle that a Machian string makes with the
line of centres joining m and M , the path equations are
x′ = cosψ, y′ = sinψ and ψ′ = κ, where the prime de-
notes differentiation with respect to path length and κ is
given by equation (I23). The value of A was taken to be
0.5 to avoid possible numerical problems associated with
vanishing string tension when A is close to 1. Machian
string paths were calculated for different values of M , for
a given separation, r, of the two masses. Figure 7 shows
a two-dimensional set of string paths, lying in a plane
containing the line of centres, for the case r = Rg. Since
the effect of the mass M is negligible at large distances,
the initial directions of the strings were adjusted to en-
sure that the distribution of strings at large distances is
uniform. The two-dimensional set of string paths then
represents a cross-section of the actual three-dimensional
Machian string distribution. The Machian strings around
m are seen to be asymmetric, with a higher density of
strings on the side nearest to M .
2. Direct calculation of the additional acceleration
For paths satisfying the path equation (I22), it follows
from (I20) that the change in the total energy of the
string when mass m is displaced by δXi is
δE = −
[
E(R,Xi) + I(R)
]
x′(si).δXi . (I24)
The total energy of the system is ES = mc
2 +mc2 −E,
so
δES =
[
E(R,Xi) + I(R)
]
x′(si).δXi . (I25)
If F denotes the force exerted by the string on the mass
m then the work done by the system is F.δXi, so δES =
−F.δXi. The force exerted on the mass m is therefore
F = −
[
E(R,Xi) + I(R)
]
x′(si) , (I26)
where x′ is the unit vector from m to m. The string
tension at a general point x along the string is given by
T (R,x) = −[E(R,x) + I(R)] . (I27)
Note that, in the absence of any interactions between the
strings, E = T (R) = Gmm/R2 and (I26) reduces to the
Newtonian gravitational force
F =
Gmm
R2
x′ . (I28)
Consider the energy per unit length E(R,x) defined
by equation (I2). After substituting (I2) into (I21), not-
ing that T (R) is proportional to 1/R2, the string ten-
sion (I27) becomes
T (R,x) = T (R)F (R,x) , (I29)
say, where
F (R,x) = 1− f [u(x)] + 2
R
∫ sf
si
f [u(x(s))] ds. (I30)
To ensure that the curvature (I23) remains finite, the
string tension must be positive everywhere along the
string so the function F (R, [x]) must be positive. For
a string of length RU , the change of variables s =
σRU
√
M/MU gives
F (R,x) = 1− f [u(x)] + 2
√
M
MU
∫ √MU
M
0
f(u) dσ ,
(I31)
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where u = (ρ2 + σ2 − 2ρσ cos θ)−1, ρ is defined by
r = ρRU
√
M/MU and θ is the angle between x and
xM . For the functions f(u) defined in (I7) and (I9),
f(u) ∼ √u ∼ 1/σ for σ  1. The contribution to the
integral in (I31) is of order unity from σ . 1 and of order
ln(MU/M) from σ & 1, so the third term in (I31) is of or-
der
√
M/MU ln(MU/M) and is therefore negligible since
MU/M is very large. It follows that F (R,x) < 1, so the
interaction with M reduces the tension in the Machian
strings of m. The condition needed to ensure that the
string tension remains positive is f < 1.
For a given two-dimensional set of Machian string
paths, such as those shown in Figure 7, the additional
acceleration acting on the test mass m may be calcu-
lated as follows. Since the distribution of strings at large
distances is uniform, the total force acting on the centre
is given by
F =
1
4pi
∫
T(θ) sin θ dθdφ =
1
2
∫
T(θ) sin θ dθ ,
(I32)
where T(θ) is the tension at the origin in a string whose
direction at large distances is at an angle θ to the line of
centres. When A < 1, the integral in (I31) is negligible
and the magnitude of the string tension at m is T (R)[1−
f(u0)] for all strings, where u0 is the value of u at m. The
component of the total force along the line of centres,
from M to m, is then
F = −1
2
T (R)[1− f(u0)]
∫
cosψ d cos θ , (I33)
where ψ denotes the angle made by the initial direction
of a string, at the centre of m, with the line of centres.
According to equation (I6), the acceleration of m due
to the Machian strings is equal to 2κc2/RU when the
tension in all the strings is T (R) and all the strings point
from m to M at the centre of m, i.e. when ψ = 0 for
all strings. The acceleration due to the Machian strings
corresponding to (I33) is therefore
a = −2κc
2
RU
[1− f(u0)]〈cosψ〉 , (I34)
where 〈cosψ〉 is the average value of cosψ, as a function
of cos θ, when cos θ uniformly distributed in the interval
[−1, 1].
The quantity 〈cosψ〉 defines the asymmetry of the dis-
tribution of Machian strings. The asymmetry is zero for
M = 0, when the Machian strings of m are spherically
symmetric, and unity in the limit that all strings of m
initially point towards M . A plot of cosψ as a function
of cos θ for the set of Machian string paths in Figure 7
is shown in Figure 9. The distribution of strings and
the resulting asymmetry was calculated for different val-
ues of M , corresponding to values of u0 in the range
10−6 < u0 < 106. It may be seen from Figure 10 that
the asymmetry is largest for u0 ∼ 1. The variation of the
asymmetry for u0  1 and u0  1 is given by
〈cosψ〉 ≈
{
0.5
√
u0 for u0  1
3/
√
u0 for u0  1 . (I35)
FIG. 9: A plot of cosψ as a function of cos θ for the strings
in Figure 7, where ψ is the angle that a string makes with the
horizontal and θ is the angle of the string at a large distance
from M . The asymmetry, given by averaging the function
over the range [−1, 1], is equal to 0.16.
FIG. 10: A log-log plot of the asymmetry in the Machian
strings of a test mass due to the presence of a mass M at a
distance r as a function of u0, where u0 is the ratio of M/r
2
to MU/R
2
U .
The corresponding acceleration is calculated for the data
points in Figure 10, using equation (I34), and is shown
in Figure 11. The additional acceleration for the function
f1(u), with A = 0.5, therefore has the limits
a ≈ −2κc
2
RU
{
0.5
√
u0 for u0  1
1.5/
√
u0 for u0  1 . (I36)
For comparison with the results of Appendix I 3, it is
convenient to rewrite the limits in terms of the variable
ρ defined by r = ρRU
√
M/MU , which is related to u0
by the simple equation u0 = 1/ρ
2. In terms of ρ, (I36)
becomes
a ≈ −2κc
2
RU
{
1.5ρ for ρ 1
0.5/ρ for ρ 1 . (I37)
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FIG. 11: The magnitude of the additional acceleration, in
units of c2/RU , calculated from the asymmetry of string paths
(green crosses) using the data points in Figure 10, for the
interaction defined by the function (I7) with A = 0.5. The
blue curve is calculated in Appendix I 3 using an approximate
formula for the total interaction energy.
3. Calculation of the additional acceleration from
the Machian string interaction energy
The change in the total energy of the Machian strings
of m corresponding to the interaction with the Machian
strings of M defined by equation (I2) is
∆E =
∑
i
Gmmi
R2i
∫ Ri
0
f [u(x)] ds , (I38)
where s denotes the path length along the ith string. Al-
though the Machian strings around m are asymmetrical,
as illustrated in Figure 7, a symmetrical distribution of
strings around m may nevertheless be assumed in order
to calculate an approximate formula for ∆E. The total
mass m in an elemental solid angle dΩ and thickness dR
at radius R is ρR2dRdΩ, where ρ is the average matter
density, so (I38) then becomes, after integrating over the
azimuthal angle,
∆E ≈ 2piGmρ
∫ RU
0
dR
∫ pi
0
sin θ dθ
∫ R
0
f [u(x)] ds . (I39)
Let r be the distance between the centres of the two
masses, so that |x − xM |2 = r2 + s2 − 2rs cos θ. Since
f → 0 as s→∞, the integral over s in (I39) is insensitive
to the value of R, so R can be replaced by RU in the
upper limit of the integral over s and the integral over
R then simply gives a factor of RU . If the dimensionless
variables ρ and σ are defined by r = ρRU
√
M/MU and
s = σRU
√
M/MU then u = (ρ
2 + σ2 − 2ρσ cos θ)−1.
Equation (I39) then becomes, using (I5),
∆E ≈ κmc2
√
M
MU
∫ √MU
M
0
dσ
∫ 1
−1
f [u(x)] d cos θ .
(I40)
Changing variables from cos θ to u, using du =
2ρσu2 d cos θ, gives
∆E ≈ κmc
2
2r
MRU
MU
∫ √MU
M
0
dσ
σ
∫ (ρ−σ)−2
(ρ+σ)−2
f(u)
u2
du .
(I41)
When the IMC is taken into account, the corresponding
change in energy of the whole system, including all the
other masses other than m and M , is equal to −∆E.
The additional acceleration of the mass m due to the in-
teraction between the Machian strings is therefore given
by
a =
1
m
d∆E
dr
. (I42)
For the function f1(u), the energy (I41) can be eval-
uated numerically and the result, for A = 0.5, is shown
as the blue curve in Figure 11. The corresponding limits
are
a ≈ −2κc
2
RU
{
1.5ρ ρ 1
0.4/ρ ρ 1 , (I43)
which is seen to be in good agreement with (I37) and
confirms the validity of the above calculations and the
calculations in Appendix I 2 with an accuracy of ∼10%.
FIG. 12: The magnitude of the additional acceleration, in
units of c2/RU , for the interactions between Machian strings
corresponding to the functions f1 and f2 in equations (I7)
and (I9), respectively, for A = 0.5. Both calculations are
based on the approximate formula (I39) for the total interac-
tion energy. The blue curve is the same as in Figure 11.
If f(u) is taken to be the function f2(u) defined in (I9),
the energy (I41) can be evaluated analytically. The result
is
∆E ≈ 2κAmc2
√
M
MU
I(ρ) , (I44)
where the function I(ρ) is given by
I(ρ) =
3
2
+
(1
2
− ρ
4
− 1
4ρ
)
ln
∣∣∣ρ+ 1
ρ− 1
∣∣∣+ ln(√MU/M
ρ+ 1
)
,
(I45)
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and the corresponding additional acceleration is
a ≈ 2κA c
2
RU
I ′(ρ) . (I46)
For ρ  1, I(ρ) = 1 + ln
√
MU
M − ln ρ + . . . and the
additional acceleration is therefore A/ρ times c2/RU ,
which is indeed proportional to 1/r. For ρ  1, I(ρ) =
1 + ln
√
MU
M − ρ2/6 + . . . so, for A = 0.5, (I46) has the
limits
a ≈ −2κc
2
RU
{
ρ/6 for ρ 1
0.5/ρ for ρ 1 . (I47)
The accelerations corresponding to the two functions f1
and f2 are shown in Figure 12.
To plot the curves shown in Figure 8, the values on
the y-axis were multiplied by a factor of 2.5 to convert
from units of c2/RU to units of a0. The values on the
x-axis were multiplied by a factor of 3.2 to convert from
ρ to the distance r measured in units of Rg since, from
equation (I8), r/Rg = 3.2ρ.
Appendix J: Gravitational radiation
Consider a binary pulsar consisting of two masses, m1
and m2, in orbit around each other. For the special case
when the masses move in a circular orbits, the masses
have constant angular velocity ω =
√
GM/r3, where
M = m1 +m2 and r is the separation of the two masses.
In the string model, each mass exerts a periodic dis-
tortion in the Machian strings of the other as it or-
bits around it. The distortions have angular frequency
ω and are expected to generate gravitational waves of
angular frequency ω in the Machian strings of each
mass. The speed of the waves can be calculated from
the Lagrangian (A6) by considering perturbations in a
Machian string of the form Xµ = (cτ, ξσ + δx). Then
(∂Xµ/∂τ)(∂Xµ/∂σ) = −ξ.δx˙ − δx˙.δx′, (∂Xµ/∂σ)2 =
−ξ2 − 2ξ.δx′ − δx′2 and s = 1 − δx˙2/c2. For trans-
verse perturbations, with ξ.δx = 0, expansion of (A6) to
quadratic order gives
L = Γ
(
1 + a1
δx˙2
c2
+ . . .
)(
ξ2 + δx′2 + . . .
)−1/2
=
Γ
ξ
(
1 + a1
δx˙2
c2
− δx
′2
2ξ2
+ . . .
)
. (J1)
The equation of motion for δx corresponding to (J1)
is 2a1δx¨/c
2 = δx′′/ξ2, so that transverse gravitational
waves propagate along the strings with speed
cg =
c√
2a1
. (J2)
Waves with angular frequency ω and amplitude A have
energy ΓA2ω2/2ξ2c2g per unit length along the string,
so the energy flux in the string is ΓA2ω2/2ξ2cg. If all
the Machian strings of the mass mi are assumed to have
waves of amplitude Ai, the total rate of gravitational ra-
diation from mi is∑
j
GmimjA
2
iω
2
2r2ijcg
=
3GmiMUA
2
iω
2
2cgR2U
. (J3)
With ω2 = GM/r3, the total rate of energy loss due to
gravitational radiation in the strings connected to the
two masses is therefore
dE
dt
= −3G
2MU (m1A
2
1 +m2A
2
2)(m1 +m2)
2cgR2Ur
3
. (J4)
The amplitudes A1 and A2 of the gravitational waves
in the strings of the two masses could be found by gener-
alising the numerical calculation of the field string paths
in Appendix I. The interaction between the Machian
strings of m1 and m2 has so far been considered only
for the case when m1 is very much smaller than m2, so
the interaction must first be defined for the case when the
masses are of comparable magnitude. The paths of the
strings would also have to be calculated as a function of
time and such calculations have not yet been attempted.
The prediction of General Relativity [31], as confirmed
experimentally by observations of the decay of the orbital
period of binary pulsars [32, 33], is
dE
dt
= −32G
4(m1m2)
2(m1 +m2)
5r5c5
. (J5)
Comparison with equation (J4) shows that the amplitude
of the waves in the Machian strings of m1 required for
agreement with experiment has the form
A1 = ηRU
√
m1
MU
(Gm2
rc2
)
, (J6)
with a similar expression for A2, where the dimensionless
parameter η is given by
η2 =
32
15
√
2a1
. (J7)
The value of η corresponding to the value of a1 given
by (B13) in Appendix B is η = 0.584. In equation (J6),
the length scale RU
√
m1/MU is the distance around m1
within which the density of Machian strings of m1 is
larger than the density of background strings and the di-
mensionless factor Gm2/rc
2 is a measure of the strength
of the gravitational interaction at m1 due to m2.
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